Orbifolds from a metric viewpoint by Lange, Christian
ORBIFOLDS FROM A METRIC VIEWPOINT
CHRISTIAN LANGE
Abstract. We characterize Riemannian orbifolds and their coverings in terms of metric
geometry.
1. Introduction
Orbifolds were introduced by Satake in the 50s under the name of V-manifolds [Sat56, Sat57]
and rediscovered by Thurston in the 70s., when also the term “orbifold” was chosen, cf. [Dav11].
Thurston moreover defined the notion of coverings of orbifolds and showed that the theory of
coverings and fundamental groups works in the setting of orbifolds [Thu79]. This theory
was later generalized to the setting of groupoids by Haefliger [Hae84] (see also [BH99], and
[MP97, Moe97] for the relation between groupoids and orbifolds). Orbifolds can be endowed
with a Riemannian metric. In this form they for instance arise as quotients of isometric Lie
group actions on Riemannian manifolds [LT10] or as Gromov-Hausdorff limits [Fuk90]. Our
purpose is to characterize such Riemannian orbifolds and their coverings in terms of metric
geometry. Besides being interesting on its own right we describe some applications of this
perspective.
Recall that a length space is a metric space in which the distance between any pair of points
can be realized as the infimum of the lengths of all rectifiable curves connecting these points
[BBI01]. The following definition of a Riemannian orbifold was proposed to us by Alexander
Lytchak.
Definition 1.1. A Riemannian orbifold of dimension n is a length space O such that for each
point x ∈ O there exist an open neighborhood U of x in O and a connected Riemannian
manifold M of dimension n together with a finite group G of isometries of M such that U and
M/G are isometric with respect to the induced length metrics.
Here M/G is endowed with the quotient metric which measures the distance between orbits
in M . In Section 2 we explain in which sense this definition is equivalent to the original
definition of a Riemannian orbifold.
To obtain a metric notion of orbifold coverings we follow an idea by Lytchak to view submet-
ries with discrete fibers as branched coverings [Lyt02]. We denote the closed balls in a metric
space X as Br(x) and the open balls as Ur(x). A map p : X → Y between metric spaces is
called submetry if p(Br(x)) = Br(p(x)) holds for all x ∈ X and all r ≥ 0. It is known that a
submetry between Riemannian manifolds is a Riemannian submersion [BG00]. In particular,
a submetry between Riemannian manifolds of the same dimension is a local isometry. Using
this notion we can characterize coverings of Riemannian orbifolds in metric terms as follows.
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2 CHRISTIAN LANGE
Theorem 1.2. For a map p : O → Y from an n-dimensional Riemannian orbifold O to a
metric space Y the following properties are equivalent.
(i) Y is an n-dimensional Riemannian orbifold and p is a covering of Riemannian orbi-
folds in the sense of Thurston, cf. Definition 2.3.
(ii) p has discrete fibers, is onto, locally 1-Lipschitz and each point y ∈ Y has a neigh-
borhood U such that the restriction of p to p−1(U) is a submetry with respect to the
restricted metrics.
Moreover, if O is complete, then each of the conditions (i) and (ii) is satisfied if and only if p
is a submetry with discrete fibers. Also, in case (ii) the space Y is locally an Alexandrov space.
If it is n-dimensional then the assumption on the discretness of the fibers of p is superfluous.
Note that the additional characterization indeed requires the completeness assumption: in
Example 2.9 we construct a covering of noncomplete Riemannian manifolds which is not a
submetry. Moreover, a map p : X → O satisfying the properties stated in (ii) does not need to
be a covering of Riemannian orbifolds. For instance, consider two copies of R glued together
at their origin and the projection to R. The proof of Theorem 1.2 works by induction on the
dimension and relies on the covering space theory of orbifolds (i.e. on Theorem 2.8) as well as
on structural results about submetries between Alexandrov spaces due to Lytchak [Lyt02].
The set of points in a Riemannian orbifold O which have a neighborhood that is isometric
to the quotient of a Riemannian manifold by an isometric reflection is called the codimension 1
stratum of O. Its closure coincides with the boundary of O in the sense of Alexandrov geometry
[BGP92]. The double of O along this closure admits a natural metric with respect to which
the two copies are isometrically embedded (see Section 4). In Section 4 we prove the following
statement.
Proposition 1.3. The metric double of a Riemannian orbifold along the closure of its codi-
mension 1 stratum is a Riemannian orbifold and the natural projection to O is a covering of
Riemannian orbifolds.
1.1. Applications. In dimension 2 Proposition 1.3 has been applied in [La17a] and [La17b].
Moreover, it can be conveniently applied in the solution of the topological question of when
the quotient of Rn by a finite subgroup of the orthogonal group O(n) is a topological manifold
with boundary [La17c]. Theorem 1.2 is applied in an upcoming paper by R. Mendes and
M. Radeschi in which they establish a close connection between submetries with smooth fibers
from the unit sphere S(V ) in a finite-dimensional real vector space V and Laplacian subalgebras
in the polynomial ring R[V ] [MR]. The latter are subalgebras which contain r :=
∑
i x
2
i , where
xi is an orthonormal basis of V ∗, and are invariant under the action of the Laplace operator
∆ on R[V ].
1.2. Structure of the paper. In Section 2 we show the equivalence of Definition 1.1 with the
usual definition of Riemannian orbifolds. Moreover, we recall basic notions about (Rieman-
nian) orbifolds and their coverings. In Section 3 we prove Theorem 1.2. The proof in the case
where p has finite fibers is simpler and is carried out in the first part of that section. In Section
4 we prove Proposition 1.3. The proofs of Theorem 1.2 and Proposition 1.3 work by induction
on the dimension and rely on the covering space theory of orbifolds (in the form of Theorem
2.8). We describe an alternative approach to establish this theory in Appendix 5.
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2. Basics on Riemannian orbifolds and their coverings
2.1. Definition of Riemannian orbifolds. An n-dimensional smooth orbifold in the sense of
Thurston is defined in terms of a Hausdorff spaceX and a collection of data {(U˜i, Gi, Ui, pii)}i∈I ,
a so-called atlas, consisting of n-dimensional smooth manifolds U˜i on which finite groups Gi
act smoothly, an open covering {Ui}i∈I of X, and projections pii : U˜i → Ui that induce
homeomorphisms pii : U˜i/Gi → Ui. The charts (U˜i, Gi, Ui, pii) must satisfy the following
compatibility condition. For two points xi ∈ U˜i and xj ∈ U˜j with pii(xi) = pij(xj) there should
exist open neighborhoods V˜i of xi in U˜i and V˜j of xj in U˜j and a diffeomorphism φ : V˜i → V˜j
with pii = pij ◦φ on V˜i. In fact, Thurston demanded an equivarience condition on the transition
map φ, which is however already implied by the condition that pii = pij ◦φ holds on V˜i as can be
seen with the help of a compatible Riemannian metric. Since we will also need the respective
statement later, let us record it here.
Lemma 2.1. Let M be a Riemannian manifold on which a finite group G acts isometrically
and let p : M → M/G be the quotient map. Then any isometry φ : U → V between open
connected subset of M with p = p ◦ φ on U is the restriction of the action of some element
g ∈ G on M .
Proof. Let x ∈ U be a regular point for the covering p : M →M/G. Since p is a local isometry
in a neighborhood of x there exists some g ∈ G such that the action of g and φ coincide in this
neighborhood. Now the claim follows from the fact that a Riemannian isometry of a connected
space is determined by its local behaviour [DoC92, Lem. 4.2]. 
Hence, in order to show that a Riemannian orbifold in the sense of Definition 1.1 has a
natural structure of a smooth orbifold one only needs to prove the following lemma. Its proof
is based on the fact that a finite subgroup G < O(n) is determined up to conjugation by the
metric quotient Sn−1/G [Swa02, Lem. 1]. Recall that a ball in a Riemannian manifold is called
normal, if its closure is contained in the diffeomorphic image of an open neighborhood of the
origin in the tangent space TxM under the exponential map.
Lemma 2.2. Let Ur(x) ⊂ M and Ur(x¯) ⊂ M¯ be normal balls in n-dimensional Riemannian
manifolds M and M¯ . Suppose finite groups G and G¯ act isometrically and effectively on M
and M¯ and fix the points x and x¯, respectively. Suppose further that the quotients Ur(x)/G
and Ur(x¯)/G¯ are isometric. Then there exists an isometry φ : Ur(x) → Ur(x¯) that conjugates
the action of G on Ur(x) to the action of G¯ on Ur(x¯).
Proof. The proof is by induction on the dimension n. For n = 1 the claim follows readily. Let
n > 1 and suppose that the claim is true in all dimensions smaller than n. Since Ur(x)/G
and Ur(x¯)/G¯ are isometric, so are the spaces of directions at x and x¯, i.e. the quotients of the
unit spheres in the tangent spaces at x and x¯ by the linearized actions of G and G¯. Hence, by
[Swa02, Lem. 1] these linearized actions are conjugated by an isometry. Using the exponential
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Figure 1. Composition of two two-fold orbifold coverings.
map we obtain a diffeomorphism φ : Ur(x) → Ur(x¯) that conjugates the actions of G and G¯,
and that descends to an isometry between the respective quotient spaces.
Since the projections to the quotients are local isometries over the regular part (i.e. the set of
points with trivial isotropy), the diffeomorphism φ is a Riemannian isometry there. Moreover,
for any pair of points x0, x1 ∈ Ur(x) and any ε > 0 one can find a path γ : [0, 1] → Ur(x)
and a subdivision 0 = t0 < t1 < · · · < tk = 1 such that γ(0) = x0, γ(1) = x1 and γ|(ti,ti+1),
i = 0, . . . , k − 1, is a smooth curve in the regular part with L(γ) < d(x0, x1) + ε. Since φ is
a Riemannian isometry on the regular part, it follows that φ : Ur(x) → Ur(x¯) is 1-Lipschitz.
The same argument applied to φ−1 shows that φ is an isometry as claimed. 
Hence, a Riemannian orbifold in the sense of Definition 1.1 admits a smooth orbifold struc-
ture and a compatible Riemannian structure that in turn induces the metric structure. Con-
versely, recall that every paracompact smooth orbifold admits a compatible Riemannian struc-
ture that turns it into a Riemannian orbifold [BH99, Ch. III.1]. In this sense the two definitions
are equivalent.
2.2. Orbifold coverings. The concept of a covering orbifold was introduced by Thurston
[Thu79, Def. 13.2.2]. In the Riemannian setting his definition reads as follows.
Definition 2.3 (Thurston). A covering orbifold of a Riemannian orbifold O is a Riemannian
orbifold Oˆ together with a surjective map p : Oˆ → O that satisfies the following property. Each
point x ∈ O has a neighborhood U isometric to some M/G, as in Definition 1.1, for which
each connected component Ui of p−1(U) is isometric to M/Gi for some subgroup Gi < G such
that the following diagram commutes
Ui
∼ //
p

M/Gi

U
∼ // M/G
We refer to the map p : Oˆ → O in the definition as an orbifold covering or a covering of
Riemannian orbifolds.
Remark 2.4. Note that if p : Oˆ → O is a covering of smooth orbifolds in the sense of [Thu79,
Def. 13.2.2], then any Riemannian orbifold metric on O lifts to a Riemannian orbifold metric
on Oˆ with respect to which the covering is a covering of Riemannian orbifolds in the above
sense.
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Remark 2.5. The Gi appearing in Definition 2.3 do not have to be isomorphic. For instance,
consider the 4-fold orbifold covering sketched in Figure 2.3. The singular points with local
group Z2 on the base orbifold have three preimages. Two of them are singular with local group
Z2 and the third one is regular. This can only happen if the covering is not Galois in the sense
of the following Definition.
Like regular coverings, coverings of Riemannian orbifolds come along with a deck transform-
ation group.
Definition 2.6. The deck transformation group of a covering p : Oˆ → O of Riemannian
orbifolds is defined as the group of all isometries of Oˆ that leave the fibers of p invariant. The
covering p is called Galois if the deck transformation group acts transitively on the fibers of p.
Let us record the following statement.
Lemma 2.7. Suppose p : Oˆ → O is a Galois covering of Riemannian orbifolds. Then the met-
ric on O coincides with the quotient metric with respect to the action of the deck transformation
group G on Oˆ.
Proof. Since Oˆ is a length space, the distance between two G-orbits can be realized as the
infimum of paths connecting the two orbits. Moreover, since the map p is 1-Lipschitz it follows
that the metric of O is majorized by the quotient metric. The converse follows since O is
a length space and since e.g. paths in O which are piecewise minimizing can be arc-length-
preservingly lifted to Oˆ. 
In the following we sometimes omit the term Riemannian if a property of a Riemannian
orbifold is actually a property of the underlying smooth orbifold. An orbifold covering p :
Oˆ → O is called universal if, given a choice of points xˆ0 ∈ Oˆ and x0 ∈ O with ϕ(xˆ0) = x0,
for any orbifold covering p′ : O′ → O and a base point x′0 with ϕ′(x′0) = x0, there exists an
orbifold covering q : Oˆ → O′ with q(xˆ0) = x′0 and p = p′ ◦ q. The following statement is due
to Thurston.
Theorem 2.8 (Thurston). For every orbifold O there exists a universal orbifold covering
p : Oˆ → O, which is Galois. Moreover, if M is a simply connected manifold and p : M → O
is a covering of orbifolds, then it is a universal covering.
There are several ways of proving Theorem 2.8. For instance, in [Thu79] Thurston describes
a fiber product for orbifolds and uses it to obtain a universal covering orbifold as an inverse
limit. In [BMP03] a proof using the notion of “orbifold loops” similarly as ordinary loops in case
of topological spaces is sketched. Alternatively, a universal covering of a Riemannian orbifold
O can be constructed as follows. Consider the orthonormal frame bundle FO and let X be its
universal covering. Let ∼ be the equivalence relation on FO which identifies two points when
they lie in the same connected component of the preimage of a fiber of FO → O. Then the
induced map X/ ∼→ O is a universal covering of Riemannian orbifolds (see Appendix 5 for
more details).
As pointed out in the introduction, in the noncomplete case a covering in the sense of
Thurston does not need to be a submetry. In fact, this property already fails for ordinary
coverings of Riemannian manifolds as the following example illustrates.
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Example 2.9. Consider the subset X := (R2 − ({0} × R) ∪ ({0} × ⋃n=∞n=1 (1/10n, 2/10n)) of
R2 with its restricted Riemannian metric. Let X˜ be the universal cover of X with the lifted
Riemannian metric for which the covering p : X˜ → X becomes a local isometry. Endow X
and X˜ with the induced length metrics. With respect to this metric the distance between the
points x = (−1, 0) and y = (1, 0) in X is 2. Now let x˜ and y˜ be lifts of x and y in X˜. The point
y˜ is the endpoint of a lift γ˜ of a path γ : [0, 1] → X with γ(0) = x and γ(1) = y. Moreover,
any path between x˜ and y˜ projects to a path on X that is homotopic to γ with its endpoints
fixed. Since the distance between x˜ and y˜ is the infimum of the length of all curves between
x˜ and y˜, it follows that this distance is strictly larger than 2. In particular, the point y is not
contained in the ball p(B2(x˜)) and so p is not a submetry.
However, using the fact that covering maps have the curve lifting property, one can show
that the covering constructed in Example 2.9 is a weak submetry. Here a map f : X → Y
between metric spaces X and Y is called weak submetry if p(Ur(x)) = Ur(p(x)) holds for all
x ∈ X and all r ≥ 0. A submetry is always a weak submetry. The converse is true if the space
X is proper, i.e. its bounded closed balls are compact. More generally, in Lemma 3.8 we show
that a covering of Riemannian orbifolds is a weak submetry. We could not decide yet whether
the converse is always true or not, even in the manifold case.
Question 1. Is a weak submetry between Riemannian manifolds (orbifolds) of the same dimen-
sion always a covering map?
2.3. Some more useful terminologies. Let us recall some more convenient terminology
and basic facts. For a point x on a Riemannian orbifold O choose a neighborhood isometric to
M/G as in Definition 1.1 such that G fixes a preimage x¯ of x in M . It follows from Lemma 2.2
that the linearized orthonormal action of G on Tx¯M is uniquely determined up to conjugation
by isometries. A representative of the corresponding conjugacy class in O(n) is denoted as Gx
and is called local group of O at x. The metric quotient (Tx¯M)/G is the tangent space TxO
of O at x. It coincides with the tangent cone of O at x in the sense of metric geometry (cf.
[Lyt05]). The exponential map on Tx¯M is G-equivariant and descends to an exponential map
expx defined on an open neighborhood of the origin xo of TxO.
Points with trivial local group are called regular. The regular part is dense in O. All other
points are called singular. If O is a global quotient M/Γ of a Riemannian manifold by a
(possible infinite) group Γ, then we call points on M regular or singular with respect to the
projection M →M/Γ if they project to regular or singular points on O, respectively.
Recall that a ball Br(x) in a Riemannian manifold M is called totally convex if it is normal
and, in addition, every pair of points in Br(x) can be connected by a unique minimizing geodesic
in M that is contained in Br(x). Totally convex balls always exist [DoC92, Prop. 4.2]. We call
balls Br(x¯) and Br(x¯) in a Riemannian orbifold O normal or totally convex, respectively, if it
is contained in a neighborhood isometric toM/G as in Definition 1.1 where G fixes a preimage
x of x¯ in M , and the ball Br(x) is normal or totally convex, respectively. If Br(x¯) is normal
then any orbifold geodesic starting at x¯ exists and is distance minimizing up to length r. If
Br(x¯) is totally convex in the above sense, then Br(x¯) is also totally convex in the sense that
any pair of points in Br(x¯) can be connected by a distance minimizing geodesic and that any
such distance minimizing geodesic in O is contained in Br(x¯).
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3. Metric characterization of orbifold coverings
In this section we prove Theorem 1.2. Recall that the restriction of a submetry f : X → Y to
the preimage f−1(Z) of any subset Z ⊆ Y is a submetry with respect to the restricted metrics,
and that the composition of two submetries is again a submetry. This implies that a map
p : O → Y satisfies condition (ii) of Theorem 1.2 if it is a discrete submetry, i.e. a submetry
with discrete fibers. It is also easy to see that condition (ii) of Theorem 1.2 is satisfied if Y
is an n-dimensional Riemannian orbifold and p : O → Y is a covering of orbifolds. We will
show the converse by induction on the dimension. Moreover, at the end of this section we show
that both conditions imply that the map p is a weak submetry (see Lemma 3.8) and thus a
submetry if O is complete. This will complete the proof of Theorem 1.2.
To prove that the map p : O → Y is a covering of Riemannian orbifolds under the assump-
tions of Theorem 1.2, (ii), we draw on results about submetries between Alexandrov spaces
from Lytchak’s thesis [Lyt02]. For the definition and background on Alexandrov spaces we
refer the reader to e.g. [BGP92, BBI01]. We will simply use that a Riemannian orbifold,
although it is in general neither complete nor has it a lower curvature bound, is locally an
Alexandrov space, and that the range of a submetry inherits this property from its domain
[Lyt02, Prop. 4.4]. Moreover, let us mention that the tangent space at a point x in an Al-
exandrov space X can be defined as the cone over the completion of the space of unit speed
geodesics starting at x endowed with a certain “angle” metric. In [Lyt05, Lyt02] a notion of
differentiability is introduced for Lipschitz maps between metric spaces. Using this notion it
is shown in [Lyt02, Prop. 5.1] that for any submetry f : X → Y between Alexandrov spaces
X and Y and any x ∈ X there exists a homogenous submetry Dfx : TxX → Tf(x)Y (the
differential of f at x) with the property that if γ and p◦γ are geodesics starting at x and f(x),
respectively, then Dfx maps γ′(0) to (p ◦ γ)′(0). Moreover, in [Lyt02, Prop. 9.1] it is shown
that the submetry f has discrete fibers if and only if X and Y have the same dimension.
In order to prove that p : O → Y is a covering of Riemannian orbifolds under the assumptions
stated in Theorem 1.2, (ii), we particularly have to show that for any y ∈ Y and any x ∈ p−1(y)
there exists some R > 0 such that the restriction p : UR(x) → UR(y) is conjugated to a
projection M/H → M/G as in Definition 2.3. Once this is proven the claim immediately
follows in the case where p has finite fibers. Otherwise we additionally have to show that the
radius R can be chosen independently of the point x in the fiber.
We first deal with the local problem. We need the following lemma.
Lemma 3.1. For each y ∈ Y and each x ∈ p−1(y) there exists some R > 0 such that the
ball BR(x) is normal, p maps Sr(x) onto Sr(y) for r < R, geodesics starting at y exist and
minimize up to length R, and each point in UR(y) can be connected to y by a unique minimizing
geodesic.
Proof. We choose R > 0 such that the ball BR(x) is normal and the restriction p : BR(x) →
BR(y) is a submetry. In this case the submetry property applied at x and at points in Sr(x)
shows that for r < R the distance r-sphere Sr(x) is mapped onto Sr(p(x)). Since initial
directions at y can be lifted to initial directions at x and since geodesics in Alexandrov spaces
do not branch, the last two claims follow as well. 
Now we can settle the local problem.
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Proposition 3.2. Suppose p : O → Y has the properties stated in Theorem 1.2, (ii), and that
p has finite fibers. Then p is a covering of Riemannian orbifolds in the sense of Definition 2.3.
Proof. The proof is by induction on the dimension. As pointed out above it suffices to show
that for any y ∈ Y and any x ∈ p−1(y) there exists some R > 0 such that the restriction
p : UR(x)→ UR(y) is of the form M/H →M/G as in Definition 2.3. Hence, fixing such x and
y, by Lemma 2.1 we can assume that O is a manifold M and that p is a submetry. Moreover,
we can assume that a point x is a fixed point of p in the sense that p−1(p(x)) = {x}. By Lemma
3.1 we can assume that for r < R the map p restricts to a submetry p : Sr(x) → Sr(p(x))
with respect to the restricted metrics, and that we are working in a normal ball BR(x). Then
our spheres Sr(x), r < R, are compact, and so it also follows that p : Sr(x) → Sr(p(x))
is a submetry with respect to the intrinsic metrics [Lyt06, Lem. 4.4], and which has finite
fibers. Therefore, p : Sr(x)→ Sr(p(x)) is a covering of Riemannian orbifolds by our induction
assumption. Since Sr(x) is a simply connected manifold, by Theorem 2.8 and Lemma 2.7 there
exists a finite group G which acts isometrically on Sr(x) so that p is the quotient map for this
action. Since BR(x) are normal, we can extend the action of G via the exponential map to
a continuous action on BR(x). By Lemma 3.1 the group G and the thus obtained action on
BR(x) does not depend on the specific value of r < R we started with.
We claim that G acts isometrically on BR(x). It suffices to show that G acts isometrically
on BR(x)\{x}. Since G acts isometrically on each Sr(x), 0 < r < R, and preserves distances in
radial directions, the claim follows if we can show that the action of G on BR(x)\{x} is smooth.
By the same reason the action restricted to a distance sphere Sr(x) is smooth. We conjugate the
action of G with the smooth exponential map to obtain an action on TxM . Then in spherical
coordinates the map induced by an element g ∈ G is of the form Sn−1 × R>0 → Sn−1 × R>0,
(x, r) 7→ (g(x), r), which is clearly smooth. Hence, p : UR(x)→ UR(y) is the quotient map for
the isometric action of G on UR(x). This completes the proof of the proposition. 
Now we drop the assumption that p : O → Y has finite fibers. By Proposition 3.2 we can
assume that Y is a Riemannian orbifold O′. Moreover, by its proof, in order to prove that p
is still a covering of Riemannian orbifolds, it suffices to show that for any y ∈ O′ there exists
some r > 0 such that all the balls Br(y) and Br(x), x ∈ p−1(y), are normal. For, note that in
this case, perhaps after further decreasing r, the balls Br(x) are disjoint and the restrictions
of p to each of them is a submetry.
By the discretness of the map p for any x ∈ O we can find a sufficiently small ball BR(x) ⊂ O
which is totally convex and so that the restrictions p : Br(x) → Br(p(x)) are submetries for
r ≤ R. A ball with these properties will be called very good. In particular, if BR(x) is very
good, then BR(x) and BR(p(x)) are Alexandrov spaces of curvature bounded from below.
Lemma 3.3. Let y ∈ O′ and x ∈ O with p(x) = y. There exists some r > 0 for which any
distance minimizing geodesic γ¯ : [0, r]→ O′ with γ¯(0) = y can be lifted to a distance minimizing
geodesic γ on O with γ(0) = x. Moreover, given any v ∈ TxO with Dxp(v) = γ¯′(0) the lift γ
can be chosen such that γ′(0) = v.
Proof. We choose R > 0 such that BR(x) is a very good ball and r < R. Then for any geodesic
γ¯ : [0, r] → O with γ¯(0) = y, and any v ∈ TxO with Dxp(v) = γ¯′(0), there exists a lift γ of
γ¯ to O′ with γ′(0) = v by [Lyt02, Lem. 5.4]. By the submetry property also the lift γ of γ¯ is
distance minimizing as claimed. 
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We will need the following completeness property, which is immediate if O is complete.
Lemma 3.4. Suppose the restriction of a distance minimizing geodesic γ¯ : [0, s]→ O′ to [0, s)
lifts to a distance minimizing geodesic γ : [0, s)→ O. Then γ can be extended to a lift of γ¯ on
[0, s].
Proof. Let r > 0 such that the restriction pX of p to X := p−1(Br(γ¯(s)) is a submetry. We can
assume that γ is contained in X. Set x = γ(0) and y = p(x). Since pX is a submetry and γ¯ is
distance minimizing, there exists some z ∈ X with d(γ(s/2), z) = s/2 and p(z) = γ¯(s). By the
same reason we have d(x, z) = s. We claim that z is the limit of γ(t) as t tends to s. Suppose
this is not the case. Then there exists some s′ ∈ [s/2, s) maximal with the property that
d(γ(s/2), z) = d(γ(s/2), γ(s′)) + d(γ(s′), z). Since O is a length space, for some small normal
ball Bε(γ(s′)) ⊆ X, ε < s − s′, we have that d(γ(s′), z) = infu∈Sε(γ(s′))(d(γ(s′), u) + d(u, z))
where Sε(γ(s′)) is the distance ε-sphere at γ(s′). By compactness the infimum is attained,
say at u0 ∈ Sε(γ(s′)). By maximality of s′ the point u0 does not lie on γ. But this implies
d(x, z) < s since we can short-cut at γ(s′), a contradiction. It follows that γ can be extended
to a lift of γ¯. 
Now we can strengthen the statement of Lemma 3.3.
Lemma 3.5. Let y ∈ O′ and fix r > 0 such that the restriction of p to p−1(Br(y)) is a
submetry. Then the conclusion of Lemma 3.3 holds for any x ∈ p−1(y) with this r.
Proof. Let γ¯ : [0, r] → O′ be a distance minimizing geodesic with γ¯(0) = y, and let v ∈ TxO
with Dxp(v) = γ¯′(0). The set of all s ∈ [0, 1] for which there exists a lift γ : [0, s]→ O of γˆ|[0,s]
with γ(0) = x and γ′(x) = v is closed by Lemma 3.4 and open in [0, r] by Lemma 3.3. Hence,
the lift γ exists on [0, r]. Since the restriction of p to p−1(Br(y)) ⊇ Br(x) is a submetry and γ¯
is distance minimizing, the path γ is distance minimizing, too. 
As a consequence, we can prove the following lemma.
Lemma 3.6. Let B3r(y) ⊂ O′ be a normal ball so that the restriction of p to p−1(B6r(y)) is
a submetry. Then for any x ∈ p−1(y) geodesics starting at x exist, minimize and project to
minimizing geodesics up to length 3r and the ball B2r(x) is compact. In particular, for s ≤ r
the map p maps the distance s-sphere Ss(x) onto the distance s-sphere Ss(y).
Proof. Since B3r(y) is normal, for any x ∈ p−1(y) and any v ∈ TxO there exists a minimizing
geodesic γ¯ : [0, 3r] → O′ with γ(0) = y and γ′(0) = Dxp(v). By Lemma 3.5 this geodesic can
be lifted to a minimizing geodesic γ : [0, 3r] → O with γ(0) = x and γ(0) = v. Hence, by
uniqueness of geodesics with given initial conditions, geodesics starting at x exist, minimize
and project to minimizing geodesics up to length 3r.
Now the proof of the Hopf-Rinow theorem, see [BBI01, p. 52], implies that the ball B2r(x)
is compact. Let s ≤ r. Since p is a submetry on p−1(B6r(y)) ⊇ B6r(x) we have that Ss(y) ⊆
p(Ss(x)). Moreover, by compactness and our assumption that O is a length space, any point
on Ss(x) can be connected by a minimizing geodesic with x [BBI01, Prop. 2.5.19]. Since this
geodesic projects to a minimizing geodesic on O′, it follows that Ss(x) is mapped onto Ss(y).
This completes the proof of the lemma. 
We can apply Lemma 3.6 to submetries between Riemannian orbifolds as follows.
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Lemma 3.7. Let B3r(y) ⊂ O′ be a normal ball so that the restriction of p to p−1(B6r(y)) is a
submetry and suppose a neighborhood of B3r(y) is isometric to M/G as in Definition 1.1 where
G fixes a preimage z of y in M . Then for any x ∈ p−1(y) the ball Br(x) is normal.
Proof. Pick some x ∈ p−1(y). By Lemma 3.6 the exponential map is nonsingular on U2r([0]) ⊂
TxO = Rn/Hx (cf. Remark 5.1). Thus we can pull-back the metric from O to a Riemannian
metric on U2r(0) ⊂ Rn with respect to which the ball Br(0) is normal. We claim that Hx acts
isometrically on U2r(0) with respect to this metric, and that it induces an isometry between
U2r(0)/Hx and U2r(x) with respect to the induced length metrics. Since Hx leaves the fibers of
the exponential map U2r(0)→ O invariant, it acts isometrically on the regular part in U2r(0)
which is open and dense. Now our claim follows by similar arguments as in the last part of the
proof of Lemma 2.2. Hence, the ball Br(x) is normal as claimed. 
By the preceding lemma the map p : O → Y is a covering of Riemannian orbifolds as
explained above. In order to complete the proof of Theorem 1.2 it remains to prove the
following lemma.
Lemma 3.8. A map p : O → O′ that satisfies conditions (i) and (ii) in Theorem 1.2 is a weak
submetry. Moreover, it is a submetry if O is complete.
Proof. We have already observed that the map p is 1-Lipschitz as a locally 1-Lipschitz map
between length spaces. To recognize it as a weak submetry we have to show that for any points
x ∈ O and x′, y′ ∈ O with p(x) = x′ and d(x′, y′) = r, and any ε > 0 there exists a point
y ∈ O′ with p(y) = y′ and d(x, y) < r + ε.
So let ε > 0 and let γ¯ : [0, r′]→ O′ be a 1-Lipschitz path with γ¯(0) = x′, γ¯(r′) = y′ and length
L(γ¯) < d(x′, y′)+ε. By compactness there exists a finite subdivision 0 = t0 < t1 < · · · < tk = r
and radii ri, i = 0, . . . , k, such that each ball Bri(γ¯(ti)) is totally convex and satisfies the
condition in Definition 2.3, and such that γ¯([0, t1]) ⊆ Br0(γ¯(0)), γ¯([ti−1, ti+1]) ⊆ Bri(γ¯(ti)),
i = 1, . . . , k − 1, and γ¯([tk−1, r′]) ⊆ Brk(γ¯(r′)) holds. Therefore, we can assume that the
restriction of γ¯ to each interval [ti, ti+1], i = 0, . . . , k − 1, is distance minimizing. By Lemma
3.5 we can lift γ¯ to a 1-Lipschitz path γ : [0, r′] → O with the same property and length
≤ d(x′, y′) + ε. The point y = γ(r′) has the desired properties and so the first claim follows.
If O′ is complete, then its closed, bounded balls are compact by the Hopf-Rinow theorem
for length spaces [BBI01, Thm. 2.5.28]. In this case a subsequence of the points y′(ε) in the
argument above converge to a point y′ with p(y′) = y and d(x′, y′) = r. Hence, p is a submetry
in this case as claimed. 
4. The metric double covering
The aim of this section is to prove Proposition 1.3. Let us explain the required notions
first. The metric double of a metric space X along a closed subspace Y ⊂ X is defined as
the topological double 2YX endowed with the unique maximal metric that is majorized by
the metrics on the two copies X1 and X2 of X in 2YX [BBI01, 3.1.24]. Equivalently, this
metric can be described as a gluing metric where the distance between two points x, y ∈ 2YX
is defined as the infimum of
k∑
i=0
d(xi, yi)
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over all sequences xi, yi, i = 0, . . . , k with x = x0, y = yk, xi, yi ∈ Xi, i = 1, 2, and xi = yi+1,
i = 0, . . . , k − 1 [BBI01, 3.1.12, 3.1.27]. If X is in addition a length space, then so is 2YX
[BBI01, 3.1.24].
We apply this construction in case of a Riemannian orbifold X = O and Y being the closure
of its codimension 1 stratum Σ1O. Recall that Σ1O is the set of points in O whose local group
Gx is generated by a single reflection. In the following we refer to this closure as the boundary
of O and denote it as ∂O since it coincides with the boundary of O in the sense of Alexandrov
geometry (see [BGP92]) by the following lemma.
Lemma 4.1. A point x on an orbifold O belongs to the closure of Σ1O if and only if its local
group Gx contains a reflection.
Proof. The claim can be reduced to the case in which O = Rn/Gx. In this case it follows from
continuity and dimension reasons. 
Recall the statement of Proposition 1.3: We want to prove that the metric double 2∂OO is a
Riemannian orbifold and that the natural projection 2∂OO → O is a covering of Riemannian
orbifolds. To prove Proposition 1.3 we first consider a connected metric space X with a closed
subspace Y and observe some simple facts about the metric double of X along Y . In the
following we denote the two copies of X sitting in 2YX by X1 and X2.
Lemma 4.2. Let γ : [0, 1] → 2YX be a path connecting points γ(0) ∈ X1 and γ(1) ∈ X2.
Then the set M = {t ∈ [0, 1]|γ(t) ∈ Y } ⊂ [0, 1] is a nonempty union of closed intervals.
Proof. The subspaces X1 and X2 are closed in 2YX since Y is closed in X. Moreover, we have
2YX = X1 ∪X2 and Y = X1 ∩X2. Hence, [0, 1] = γ−1(X1) ∪ γ−1(X2) and so there is some
t ∈ [0, 1] with γ(t) ∈ X1 ∩X2 = Y since [0, 1] is connected. This shows that M is non-empty.
By continuity M is also closed. Every closed subset of [0, 1] is a union of closed intervals. 
There is a natural reflection s : 2YX → 2YX that interchanges the two copies (X1, d) and
(X2, d) of X in (2YX, d2) and fixes the subspace Y = X1 ∩ X2 ⊂ 2YX pointwise. The fact
that it identifies X1 and X2 isometrically by definition implies that it is an isometry.
Lemma 4.3. For two points x, x′ ∈ X1 we have d(x, x′) = d2(x, x′) ≤ d2(x, s(x′)). In other
words, the embedding X1 ↪→ 2YX is isometric and the composition with the projection from
2YX to 2YX/s with the quotient metric is an isometry.
Proof. For any approximation
∑k−1
i=0 d(xi, xi+1) of d2(x, x
′) or d2(x, s(x′)) we obtain the same
approximation of d(x, x′) by mapping all the xi that lie in X2 to X1 via s. This shows
d2(x, x
′) ≤ d2(x, s(x′)), and d(x, x′) ≤ d2(x, x′) by the triangle inequality. On the other hand,
we have d2 ≤ d by the characterization of d2 as a maximal metric that is majorized by d and
so the claim follows. 
Now we prove Proposition 1.3.
Proof of Proposition 1.3. The proof is by induction on the dimension. The claim is local and
it is clear for points in 2O = 2∂OO that do not project to ∂O. Let x ∈ 2O be a point that
projects to ∂O. According to Definition 1.1 we can assume that O is of the form M/G, the
quotient of a Riemannian manifold ball by a finite group of isometries G that fixes a preimage
12 CHRISTIAN LANGE
xˆ of x in M . In particular, for n = 1 the underlying topological space of O is [0, 1) and in this
case the claim is clear.
Fix some dimension n > 1 and suppose that the claim is true in all lower dimensions. Let
Sxˆ be the unit sphere in the tangent space TxˆM . Then Sxˆ/G is a Riemannian orbifold with
R≥0 · (∂(Sxˆ/G)) = ∂(TxˆM/G). By induction assumption the metric double 2(Sxˆx/G) is a
covering orbifold of Sxˆ/G. Therefore, there exists an index 2 subgroup H of G such that the
identity on Sxˆ/G lifts to an isometry θ : 2(Sxˆ/G) → Sxˆ/H. For n = 2 this follows from
the classification of finite subgroups of O(2) and for n > 2 it follows from Theorem 2.8. In
particular, θ is equivariant with respect to the natural reflection of 2(Sxˆ/G) and the action of
G/H ∼= Z2 on Sxˆ/H.
Applying the exponential map yields an equivariant homeomorphism between small metric
balls θ : 2O ⊃ Br(x)→ Br(y) ⊂M/H where y is the coset of xˆ in M/H. By construction this
map has the property that θ(Br′(x)) = Br′(y) holds for all r′ ∈ [0, r] and it descends to the
identity map on Br(x) ⊂ O which is an isometry. Since all metrics involved are length metrics,
this together with the preceding lemmas implies that the map θ restrict to an equivariant iso-
metry θ : 2O ⊃ Br/9(x) → Br/9(y) ⊂ M/H. For completeness and convenience of the reader
we spell out the details of this implication in two subsequent, separate lemmas. This shows
that the projection from 2O to O is a covering of Riemannian orbifolds and so the claim follows
by induction.
It remains to show that θ : 2O ⊃ Br/9(x) → Br/9(y) ⊂ M/H is an isometry. To this end
we first characterize the metrics on Br/9(x) and Br/9(y) as follows. Let sG be the generator of
G/H acting on M/H. We denote the metrics on 2O and on M/H by d2 and dq, respectively.
In the subsequent lemma (Z, z, dZ , sZ , φ) may either be (2O, x, d2, s, id) or (M/H, y, dq, sG, θ).
Moreover, we continue to denote the two copies of O in 2O as X1 and X2 and their intersection
as Y .
Lemma 4.4. Let (Z, dZ) be a length space with an isometric involution sZ . Suppose that there
exists a homeomorphism φ : 2O ⊃ Br(x) → Br(z) ⊂ Z with φ(x) = z ∈ Z0 := Fix(sZ) that
is Z2-equivariant with respect to the action of s on Br(x) and the action of sZ on Br(0), and
that is a radial isometry in the sense that φ(Br′(x)) = Br′(z) holds for all r′ ∈ [0, r]. Then the
following holds true.
(i) For w,w′ ∈ φ(Br/3(x) ∩X1) we have
dZ(w,w
′) ≤ dZ(w, sZ(w′)).
(ii) For w ∈ φ(Br/3(z) ∩X1) and w′ ∈ φ(Br/3(z) ∩X2) we have
dZ(w,w
′) = inf
y′∈Z0
(
dZ(w, y
′) + dZ(y′, w′)
)
.
Proof. (i) Let γ : [0, 1] → Z be a path connecting w and sZ(w′) whose length approximates
dZ(w, sZ(w
′)) up to some small ε > 0. Because of w, sZ(w′) ∈ Br/3(z), we can assume that γ
is completely contained in Br(z). By Lemma 4.2 applied to φ−1 ◦ γ there is some t0 ∈ [0, 1]
with γ(t0) ∈ φ(Y ∩ Br(x)) ⊂ Fix(sZ). We define a new path γ˜ : [0, 1] → Z by γ˜(t) = γ(t) for
t ∈ [0, t0] and γ˜(t) = sZ(γ(t)) for t ∈ [t0, 1]. The path γ˜ connects w and w′ and has length
L(γ˜) = L(γ) since s is an isometry. Now the claim follows since Z is a length space.
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(ii) By the triangle inequality we have dZ(w,w′) ≤ infy′∈Z0 (dZ(w, y′) + dZ(y′, w′)). On
the other hand, let γ be a path connecting w and w′ whose length approximates dZ(w,w′).
As above we can assume that γ is completely contained in Br(z). Similarly as in (i) we
can use Lemma 4.2 to construct a path γ˜ connecting w and sZ(w′) that lies completely
in θ(Br(z) ∩ X1), intersects Z0 and satisfies L(γ˜) = L(γ). Since γ˜ intersects Z0, we have
L(γ˜) ≥ infy′∈Z0 (d(w, y′) + d(y′, w′)). The fact that Z is a length space implies d(w,w′) ≥
infy′∈Z0 (d(w, y′) + d(y′, w′)) and hence the claim follows. 
Lemma 4.5. The map θ : 2O ⊃ Br/9(x)→ Br/9(y) ⊂M/H is an isometry as claimed in the
proof of Proposition 1.3.
Proof. Let z, z′ ∈ Br/3(x) ∩X1. By Lemma 4.3 we have d(z, z′) = d2(z, z′) = d(z, z′) where z
and z′ are the cosets of z and z′ in 2O/s ∼= O. Since θ descends to an isometry on Br(x) ⊂ O,
the definition of the quotient metric on M/G implies
d2(z, z
′) = min{dq(θ(z), θ(z′)), dq(θ(z), sG(θ(z′)))}.
Now Lemma 4.4, (i), shows that d2(z, z′) = dq(θ(z), θ(z′)). By the same reason this identity
holds for points z, z′ ∈ Br/3(x) ∩X2.
Now let z ∈ Br/9(x) ∩X1 and z′ ∈ Br/9(x) ∩X2. Then we have d2(z, z′), dq(θ(z), θ(z′)) ≤
2r/9. Applying the first paragraph and Lemma 4.4, (ii), twice yields
d2(z, z
′) = infy′∈Y (d2(z, y′) + d2(y′, z′))
= infy′∈Br/3(x)∩Y (d2(z, y
′) + d2(y′, s(z′)))
= infy′∈Br/3(x)∩Y (dq(θ(z), θ(y
′)) + dq(θ(y′), θ(s(z′))))
= infy′∈θ(Br/3(x)∩Y ) (dq(θ(z), y
′) + dq(y′, sZθ(z′))))
= infy′∈Br/3(y)∩Fix(sG) (dq(θ(z), y
′) + dq(y′, θ(z′)))
= dq(θ(z), θ(z
′))
Hence, θ : Br/9(y)→ Br/9(z) is an isometry as claimed. 
This completes the proof of Proposition 1.3 as explained above. 
5. Appendix - Orbifold coverings and fundamental groups
In this appendix we describe an alternative proof for Theorem 2.8. We will work with
auxiliary Riemannian metrics although the result does not depend on it.
To a connected Riemannian manifold M one can associate the orthonormal frame bundle
FM on which the orthogonal group O(n) acts freely with quotient spaceM . The frame bundle
FM is disconnected if and only if M is orientable. Moreover, FM can be endowed with a
canonical Riemannian metric with respect to which O(n) acts almost freely and isometrically
with metric quotient M . This construction was first carried out by O’Neill [O’Ne66] and
independently by Mok [Mok78], and is related to Sasaki’s Riemannian metric on the tangent
bundle of M [Sas58, Sas62]. Therefore, we refer to it as the Sasaki-Mok-O’Neill metric. Since
the O(n)-action on FM commutes with the action of isometries induced by isometries of M ,
this construction can be generalized to orbifolds [ALR07]. More precisely, for an orbifold of
the form M/G as in Definition 1.1 the orthonormal frame bundle is (FM)/G. For a general
orbifold the orthonormal frame bundle can be patched together from the frame bundles of
charts of the form M/G, cf. [ALR07, Def. 1.22]. The resulting frame bundle FO is a manifold
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on which O(n) acts isometrically with metric quotient O. If the metric on O is complete, then
so is the induced metric on FO.
Remark 5.1. Using the orthonormal frame bundle FO of a Riemannian orbifold one can also
see that the exponential map of O is smooth whereever it is defined. In fact, it can be written
as the composition of the smooth exponential map of FO restricted to the horizontal subspace
and the smooth projection FO → O.
Next we introduce orbifold fundamental groups. Let pi : FO → O be the orthonormal
frame bundle of a Riemannian orbifold O and let x0 ∈ O be a regular point. Consider the set
Px0FO := {γ ∈ C0([0, 1], FO) | p(γ(0)) = x0 = p(γ(1))} of all continuous paths in FO that
start and end at the fiber p−1(x0) over x0. The action of O(n) on FO induces an action of
O(n) on Px0FO. One can also think of an element in Px0FO as a path in O together with a
moving orthogonal frame.
Definition 5.2. The (orbifold) fundamental group piorb1 (O, x0) of O based at x0 is defined as
the quotient of Px0FO by the equivalence relation generated by the action of O(n) on FO
and by homotopies through paths in Px0FO. The group multiplication is defined as the usual
concatenation of paths.
Similarly as for ordinary fundamental groups one checks that piorb1 (O, x0) is well-defined. If
γ represents the trivial class in piorb1 (O, x0), then it is homotopic through paths in Px0FO to
a trivial path. A path that connects two distinct components of pi−1(x0) always represents a
non-trivial class in piorb1 (O, x0). Such a path exists if and only if O is not orientable.
Remark 5.3. One can show that the orbifold fundamental group of an orbifold O in the sense
of Definition 5.2 is isomorphic to the ordinary fundamental group of the so-called classifying
space BO of O. This classifying space is defined as the Borel-construction of the action of O(n)
on FO. More precisely, let EO(n)→ BO(n) be a classifying bundle of O(n) [AM94, Thm. 1.1],
e.g. the infinite Stiefel manifold of n-frames over the infinite Grassmannian of n-planes [MS74,
§5], then BO is the quotient of FO × EO(n) by the diagonal action of O(n). Moreover, one
can then define higher-dimensional orbifold homotopy groups and (co)homology groups of O
as the respective invariants of BO (cf. [ALR07]).
Remark 5.4. Still other definitions of the orbifold fundamental group are discussed in [Dav11,
p. 7]. For instance, piorb1 (O, x0) may be described as “homotopy classes” of loops γ : [0, 1]→ O
in a suitable sense (cf. [BMP03, p. 35]) or in terms of generators and relations that only depend
on the topology of O and the structure of its codimension 1- and 2-stratum [Dav11, 1.3].
In the following all orbifolds are assumed to be connected. Let us record the following
statement.
Lemma 5.5. The regular part of an orbifold O is connected.
Proof. Let us first prove the statement locally. So we assume that O is a quotient M/G as in
Definition 1.1 where M is an open normal ball with center x and G fixes the point x. By using
the exponential map we can also assume thatM = Rn and that G is a finite subgroup of O(n).
Showing the claim is equivalent to showing that the components of the regular part in Rn are
permuted transitively by the group G. The singular set in Rn is the union of all fixed-point
subspaces of elements in G. Since only hyperplanes create new connected components in Rn
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we can assume that G is generated by reflections. In this case the connected components in
Rn are also known as Weyl chambers and the claim is e.g. proven in [Hum90].
Now let O be any orbifold and suppose its regular part is the union of two disjoint open
subsets U and V . Since the regular part is dense in O the closures U and V cover O. Since
O is connected by assumption, their intersection is nontrivial, i.e. there exists some singular
point x ∈ U ∩ V . But this contradicts the fact that the regular part of O is locally connected
as shown above. This completes the proof of the lemma. 
For another point x1 in the regular part of O we can choose a path γ in FO that connects
the fiber over x0 with the fiber over x1 and projects to the regular part of O by Lemma
5.5. For a loop γx0 ∈ Px0FO there exist paths γ1 ∈ O(n)γ and γ2 ∈ O(n)γ−1 for which the
concatenation γx1 := γ2 ∗ γx0 ∗ γ1 defines a path in Px1FO. The assignment γx0 7→ γx1 induces
an isomorphism piorb1 (O, x0) → piorb1 (O, x1). Indeed, paths homotopic in Px0FO are assigned
to homotopic paths in Px1FO, and the induced homomorphism is inverse to the analogous
homomorphism piorb1 (O, x1)→ piorb1 (O, x0) induced by the inverse path γ−1.
For a point z0 ∈ p−1(x0) there is a natural map
j : pi1(FO, z0)→ piorb1 (O, x0)
given by inclusions of equivalence classes and this map commutes with the change of base point
isomorphism discussed above.
Lemma 5.6. The image of j : pi1(FO, z0) → piorb1 (O, x0) has index 1 or 2 in piorb1 (O, x0)
depending on whether O is orientable or not. Its kernel is given by i∗(pi1(pi−1(x0), z0)) where
i : SO(n) ∼= pi−1(x0) ↪→ FO is the inclusion.
Proof. A class in piorb1 (O, x0) lies in the image of j if and only if it is represented by a path
whose end points lie on the same connected component of a fiber of the projection FO → O.
In particular, since the fiber of a regular point has two connected component, the square of
any class in piorb1 (O, x0) lies in the image of j. Now the first claim follows from the fact that
different components of the same fiber lie in the same component of FO if and only if O is non-
orientable. A loop representing an element in the kernel of j is homotopic relative its endpoints
to a loop in the fiber of x0. Hence its homotopy class lies in the image of i∗. Conversely, loops
that lie in a fiber represent a trivial class in piorb1 (O, x0), and so the second claim holds true,
too. 
The projection pi : FO → O induces a homomorphism pi∗ : piorb1 (O, x0)→ pi1(O, x0).
Lemma 5.7. For a manifold M the homomorphism pi∗ : piorb1 (M,x0) → pi1(M,x0) is an
isomorphism. In particular, for the regular part Oreg of an orbifold O we have an isomorphism
pi∗ : piorb1 (Oreg, x0)→ pi1(Oreg, x0) (cf. Lemma 5.5).
Proof. For a manifold M the orthonormal frame bundle pi : FO → O is a fiber bundle. By the
homotopy lifting property of fiber bundles any loop in M based at x0 can be lifted to a path
in Px0FM and so pi∗ is onto. Moreover, any homotopy between such loops can be lifted to a
homotopy in Px0FM and so pi∗ is an isomorphism as claimed. 
5.1. Existence of universal orbifold coverings. The idea to prove the existence of universal
covering orbifolds is to translate the problem into a question about ordinary coverings of
manifolds. The following lemma is the first step.
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Lemma 5.8. An orbifold covering p : Oˆ → O induces an O(n)-equivariant covering map dp :
F Oˆ → FO on the level of orthonormal frame bundles and a homomorphism p∗ : piorb1 (Oˆ, xˆ0)→
piorb1 (O, x0) such that the following diagrams commute
(F Oˆ, zˆ0) pi //
dp

(Oˆ, xˆ0)
p

pi1(F Oˆ, zˆ0) j //
dp∗

piorb1 (Oˆ, xˆ0)
p∗

(FO, z0) pi // (O, x0) pi1(FO, z0) j // piorb1 (O, x0)
Moreover, we have
(1) ker(j) = dp∗(ker(j)).
In particular, the homomorphism p∗ : piorb1 (Oˆ, xˆ0)→ piorb1 (O, x0) is injective.
Proof. An orbifold covering of the form M/Gi →M/G for a subgroup Gi of G as in Definition
2.3 induces an O(n)-equivariant covering FM/Gi → FM/G since the action of G on FM is
free and commutes with the action of O(n). In this way we obtain an O(n)-equivariant covering
dp : F Oˆ → FO for which the left diagram commutes. This and the fact that homotopies can
be lifted and projected implies that there is a induced homomorphism p∗ : piorb1 (Oˆ, xˆ0) →
piorb1 (O, x0) for which the right diagram commutes.
Suppose a loop γ in FO based at z0 represents a class in the kernel of j. By Lemma 5.6
we can assume that it is contained in a connected component of the fiber over x0. Since the
point x0 is regular, the restriction dp : pi−1(xˆ0)→ pi−1(x0) is an isometry. Hence, we can lift γ
to a loop γˆ based at zˆ0 that is contained in the fiber pi−1(xˆ0) and whose class thus lies in the
kernel of j by Lemma 5.6. This shows (1) and completes the proof of the lemma. 
An orbifold O is called orientable if FO is disconnected and non-orientable otherwise. Recall
that an orbifold can be written as a quotient O = FO/O(n). The subgroup SO(n) of O(n)
leaves the connected components of FO invariant while the full group O(n) interchanges them
in the orientable case. In particular, an orientable orbifold O can also be written as F0O/SO(n)
where F0O denotes a connected component of FO.
Lemma 5.9. Let O be an orientable Riemannian orbifold and let ϕ : X → F0O be a covering
map from a connected Riemannian manifold X onto a connected component F0O of FO. Then
the metric quotient X/ ∼ of X obtained by collapsing the connected components of the fibers
of the composition pi ◦ ϕ is a Riemannian orbifold and the induced map ϕ : X/ ∼→ O is a
covering of Riemannian orbifolds.
Proof. Possibly after dividing out the action of ker(j) on X which leaves each connected com-
ponent of the fibers of pi ◦ ϕ invariant, we may assume that the condition
(2) ker(j) ⊆ Im(ϕ∗ : pi1(X, zˆ0)→ pi1(F0O, z0))
is satisfied. In this case, by Lemma 5.2 and condition (2), the action of SO(n) on F0O lifts to
an almost free action on X with quotient X/ ∼. Therefore X/ ∼ is a Riemannian orbifold and
the induced map ϕ : X/ ∼→ O is a covering of Riemannian orbifolds [LT10] 
We treat non-orientable orbifolds separately in order to avoid technicalities with non-connected
coverings (but see Remark 5.13). To this end, similarly as in the manifold case, we associate an
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orientable orbifold to each non-orientable orbifold in a canonical way, its so-called orientable
double cover.
Lemma 5.10. Let O be a Riemannian orbifold. The quotient O+ := F0O/SO(n) is an ori-
entable Riemannian orbifold and the natural map p : F0O/SO(n) → FO/O(n) is an orbifold
covering. Moreover, if q : Oˆ → O is a covering of Riemannian orbifolds, then q lifts to a
covering q+ : Oˆ+ → O+.
Proof. The fact that p : F0O/SO(n)→ FO/O(n) is a covering of Riemannian orbifolds follows
as in the proof of Lemma 5.9. By construction the orthonormal frame bundle of O+ consists
of two copies of F0O and thus O+ is orientable.
By Lemma 5.8 the covering q : Oˆ → O gives rise to an O(n)-equivariant covering map
dp : F Oˆ → FO which restricts to an SO(n)-equivariant covering map dq : F0Oˆ = F0Oˆ+ →
F0O = F0O+ (cf. Lemma 5.10). Dividing out the SO(n)-action yields a lift q+ : Oˆ+ → O+ of
q which is a covering of Riemannian orbifolds by Lemma 5.9. 
Remark 5.11. The metric double along the boundary and the orientable double cover of a
Riemannian orbifold with nonempty codimension 1 stratum may differ as the following example
illustrates. Consider a flat Möbius strip. Then its double along its boundary is a Klein bottle
whereas its orientable double cover is a torus.
Now we can prove the existence of universal covering orbifolds.
Proposition 5.12. For every Riemannian orbifold O there exists a universal orbifold covering
p : O˜ → O. Moreover, the orbifold fundamental group of O˜ is trivial.
Proof. By Lemma 5.10 we can assume that O is orientable. By the theory of ordinary covering
spaces there exists a covering ϕ : X → F0O as in Lemma 5.9 with
(3) ker(j) = Im(ϕ∗ : pi1(X, zˆ0)→ pi1(FO, z0)).
Set O˜ = X/ ∼ and p = ϕ as in Lemma 5.9. By Lemma 5.9 the map p : O˜ → O is an
orbifold covering. We have to show that for any orbifold covering q : O′ → O, there exists a
lift q′ : O˜ → O′ with p = q ◦ q′. By Lemma 5.8 and (3) we have that
ϕ∗(pi1(X, zˆ0)) ⊆ dq∗(pi1(FO′, z′0))
for some base point z′0 ∈ (dq)−1(z0). Therefore the covering ϕ lifts to a covering ϕ′ : X → F0O′
with ϕ = dq ◦ ϕ′ and ϕ′(zˆ0) = z′0. By Lemma 5.9 the map ϕ′ induces an orbifold covering
q′ : O˜ → O′ with the desired properties.
It remains to show that O˜ is simply connected as an orbifold. First note that O˜ is orientable
as a covering of the orientable orbifold O. By Lemma 5.8 we have j ◦ϕ∗ = p∗ ◦ j on pi1(X,x0)
and so, by (3), these compositions are trivial. Hence, the fact that j is onto by Lemma 5.6 and
p∗ is injective by Lemma 5.8 implies that piorb1 (O˜, x˜0) is trivial as claimed. 
Remark 5.13. In Lemma 5.8 we have seen that an orbifold covering p : Oˆ → O gives rise
to an O(n)-equivariant covering map dp : F Oˆ → FO. This covering induces a covering
ϕ : BOˆ → BO between the corresponding classifying space (see Remark 5.3). In fact, one
can show that the orbifold coverings of O are in one-to-one correspondence to the ordinary
coverings of the classifying space BO (cf. [ALR07, Prop. 2.17]).
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5.2. Consequences of the existence of universal orbifold coverings. We record some
consequences of the existence of universal orbifold coverings.
It follows from Definition 2.3 that the deck transformation group G of a covering p : Oˆ → O
of Riemannian orbifolds acts properly on Oˆ, i.e. given any two points x, y ∈ Oˆ there exist
open neighborhoods U of x and V of y such that gU ∩ V 6= ∅ for only finitely many g ∈ G.
Using the universal covering property the next statement follows as in the manifold case.
Proposition 5.14. A universal orbifold covering p : O˜ → O is Galois. In particular, any
covering q : O′ → O is of the form q : O˜/H → O˜/G for some subgroup H of the deck
transformation group G of p : O˜ → O. Moreover, the group of deck transformations of such a
covering q is given by the normalizer NG(H) of H in G.
The deck transformation group of p : Oˆ → O is related to the fundamental group of O as
follows.
Proposition 5.15. The deck transformation group G of a universal orbifold covering p : O˜ →
O = O˜/G is isomorphic to piorb1 (O, x0) via a naturally isomorphism τG in the sense that for a
subgroup H of G we have q∗ ◦ τH = τG on H with q : O˜/H → O = O˜/G.
Proof. For an element g ∈ G choose a path γ : [0, 1]→ F O˜ connecting pi−1(x˜0) and pi−1(gx˜0).
This path projects to a path γ : [0, 1]→ FO with γ(0), γ(1) ∈ pi−1(x0) and hence represents a
class [γ] in piorb1 (O, x0). Since O˜ is simply connected as an orbifold by Proposition 5.12, this
class does not depend on the choice of γ. This shows that τG(g) := [γ] is well-defined and
implies that τG is in fact a homomorphism. Moreover, it follows from the homotopy lifting
property and the regularity of the point x0 that τG is an isomorphism. The naturality property
is an immediate consequence of the definition of τG and p∗. 
With this Proposition we can prove the following corollaries
Corollary 5.16. An orbifold O has the universal covering property if and only if its orbifold
fundamental group is trivial.
Proof. This follows easily from Proposition 5.12 and Proposition 5.15. 
Corollary 5.17. An orbifold covering q : Oˆ → O is regular if and only if the image of
piorb1 (Oˆ, xˆ0) under p∗ is a normal subgroup of piorb1 (O, x0).
Proof. By Proposition 5.12 and Proposition 5.14 we can assume that the covering q is of the
form q : O˜/H → O˜/G as in the statement of Proposition 5.14. By Proposition 5.14 the
covering q : Oˆ → O is regular if and only if H is a normal subgroup of G. Hence, the claim
follows from Proposition 5.15. 
Corollary 5.18. Let p1 : (O1, x1) → (O, x0) and p2 : (O2, x2) → (O, x0) be two orbifold cov-
erings. Then p1 lifts to a covering q : (O1, x1)→ (O2, x2) if and only if (p1)∗(piorb1 (O1, x1)) ⊆
(p2)∗(piorb1 (O2, x2)).
Proof. As in Corollary 5.17 we can assume that the coverings p1 and p2 are of the form p1 :
O˜/H1 → O˜/G and p2 : O˜/H2 → O˜/G for subgroups H1 and H2 of the deck transformation
group G of the universal covering O˜ → O. Hence, the claim follows from Proposition 5.15. 
Before we state the last corollary let us formulate the following lemma.
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Lemma 5.19. An isometry of a Riemannian orbifold O restricts to a Riemannian isometry
of the regular part of O. Moreover, it is uniquely determined by its value and differential at a
regular point.
Proof. By Lemma 2.2 an isometry of O preserves the regular part of O which is a Riemannian
manifold. By [Hel01, Thm. 11.1] a metric isometry between Riemannian manifolds is also a
Riemannian isometry. This shows the first claim. Since the regular part of O is connected by
Lemma 5.5, the restriction to the regular part is determined by its value and differential at
a point, see [DoC92, Lem. 4.2]. Since the regular part of O is dense in O, the isometry we
started with is the metric completion of its restriction to the regular part. This completes the
proof of the lemma. 
At this point one readily proves the following corollary.
Corollary 5.20. Let O be a Riemannian orbifold and let Γ be a discrete group that acts
isometrically and properly on O. Then O → O/Γ is a covering of Riemannian orbifolds with
deck transformation group Γ. In particular, if O is a simply connected manifold, then any
isometry of O/Γ lifts to an isometry of O.
Finally, we mention an interesting characterization of good orbifold due to Thurston. Fol-
lowing Thurston an orbifold is called good if it is covered by a manifold, and otherwise it is
called bad. Recall that a neighborhood U of a point x in a Riemannian orbifold O is iso-
metric to a quotient M/Gx where Gx fixes a preimage of x in M and that we refer to Gx
as the local group of x. For a regular point x0 ∈ U the local group Gx is isomorphic to
piorb1 (U, x0) via the isomorphism described in Proposition 5.15. The composition with the
homomorphism piorb1 (U, x0) → piorb1 (O, x0) induced by the inclusion yields a homomorphism
ix : Gx → piorb1 (O, x0). One readily checks that the condition if the map ix is injective does not
depend on the choices made. At this point one easily proves the following characterization.
Proposition 5.21 (Thurston). The orbifold O is good if and only if for any x ∈ O the
homomorphism ix : Gx → piorb1 (O, x0) is injective.
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